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Abstract
A sufficient condition for the generation of a package of algebraic Poncelet curves is pre-
sented. The condition is obtained via the link between the parameters of the nested Poncelet
curves and the eigenvalues of matrices which admit unitary bordering. This condition results
in an example refuting the conjecture raised in [Linear and Multilinear Algebra 45 (1998)
49; Linear Algebra Appl. 329 (2001) 61] that algebraic Poncelet curves are always generated
by such matrices. Then the condition is applied to the case of nested quadrics in order to
determine whether they form the Poncelet configuration, i.e., whether there exists a closed
polygon inscribed in the outer quadric and circumscribed about the inner one. The classical
Cayley criterion answers this question for a given number N of sides of a polygon. In this
paper, a different kind of criterion in the form of rational recurrent equations is developed.
Moreover, sufficient conditions are derived for the case when a closed Poncelet polygon with
any number of sides does not exist.
© 2002 Elsevier Science Inc. All rights reserved.
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0. Introduction and preliminaries
We consider here matrices which admit unitary bordering (UB-matrices), i.e., ad-
dition of one column and one row dilates such a matrix to a unitary matrix. UB-
matrices have many curious properties. They generate closed curves which resemble
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the configuration of Jean-Victor Poncelet’s closure theorem about polygons inscribed
in one quadric and circumscribed about another quadric. Application of UB-matrices
to proofs of many known theorems demonstrates links between various branches of
mathematics and sometimes significantly simplifies these proofs. For example, Great
Poncelet’s Theorem turns out to be a corollary of Bezout’s theorem.
The study of UB-matrices was initiated by Livshitz [1] and further developed by
Gau and Wu [2,3], and Mirman et al. [4,5]. In this paper, we continue this study. The
words “matrices” and “operators in Hilbert space” are used interchangeably.
In a loose statement of definition, a Poncelet curve is the envelope of some par-
ticular closed polygons inscribed in a circle. It happens to be convenient to study,
together with one Poncelet curve, the entire set of all envelopes of the polygons with
common vertices. Such envelopes are not necessarily convex.
Definition 1. A closed curve K has the bullet property, if
• For any angle ϕ, 0  ϕ < 2, there exists exactly one directed tangent line to K
that forms the angle ϕ with some fixed axis.
In order to have the bullet property, it is sufficient (but not necessary) for K
to be a smooth convex closed curve. However, K may have cusps and “fish tales”
(Fig. 1).
Definition 2. We call P a Poncelet polygon for curve K and circle C, if the vertices
of P are on C and the sides of P are tangent to K. The polygon P is not necessarily
closed.
Definition 3. A closed curve K inside a circle C is called a Poncelet curve of rank N
with respect to (w.r.t.) C if K has the bullet property and for any point of the circum-
ference C there exists an N-sided polygon which is inscribed in C, circumscribed
about K, and has that point of C as a vertex.
Thus, if K is a Poncelet curve of rank N w.r.t. C, then any Poncelet N-gon closes.
In other words, K is the envelope for the sides of the polygons mentioned in Defini-
Fig. 1. An example of non-convex curve with bullet property (to Definition 1).
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tion 3. As shown in Section 1, it is reasonable to consider also the envelopes of other
chords joining the vertices of the polygons in Definition 3. These envelopes form
the so-called package of Poncelet curves. So, the Poncelet curves of a package have
Poncelet polygons with common vertices. More precisely:
Definition 4. Let K1 be a Poncelet curve such that its Poncelet N-gons are con-
vex. Consider diagonals of these polygons. The envelope of the diagonals missing
m vertices, m  [N/2] − 1, is the Poncelet curve Km+1. The set of curves Kj , j =
1, . . . , [N/2], is called a package of Poncelet curves. The rank N of this package
is the rank of K1. Obviously, all curves Kj have rank N if and only if N is a prime
number.
Remark 1. Below we will need only some particular packages of Poncelet curves
(see Section 0.3 and Section 1.3 of [5]). It can be shown however, that in general,
any package of Poncelet curves may be generated by a measure density function.
Namely, for any Poncelet curve K of rank N w.r.t. circle C, there exists (and is not
unique) a continuous positive function h(z) defined on C such that:
• ∮C h(t) dt = 1.• For any arc [z,w] of C supported by a side of a Poncelet polygon, the integral
along this arc
∫ w
z
h(t) dt = l
N
,
where l is the winding number for the Poncelet polygon, 1  l  [N/2].
• For any l = 1, . . . , [N/2], there is the Poncelet curve Kl which is the envelope
for the chords which support arcs of C satisfying the equation of the previous
item.
Here, if l > 1 then Kl may have cusps and “fish tales”. K1 is always convex. This is
easy to prove for N  4. An elegant proof for N = 3 was proposed by R. Vinograd.
However, this material is beyond the scope of this paper.
We derive in Section 1 a sufficient condition to generate a package of algebraic
Poncelet curves. Based on this condition, an example is shown of such a curve which
cannot be generated by a UB-matrix. This provides us with a negative answer to
the conjecture raised in [2,5]. In Sections 2 and 3, the condition is applied to nested
quadrics resulting in a criterion for the Poncelet N-gon to be closed. A sufficient con-
dition is also found for the case when a closed Poncelet polygon with any number of
sides does not exist. Everywhere below, C is the unit circle on the plane of complex
numbers ξ + iη. For the reader’s convenience, we reprise below some known results
that are used in the following sections.
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0.1. How UB-matrices generate Poncelet curves
A matrix with complex entries is considered as an operator in a finite-dimensional
Hilbert space. The inner product of x and y is denoted by 〈x, y〉. The numerical range
(T ) of a matrix T is the set of complex numbers 〈T x, x〉, where x is a unit vector.
The numerical range of a unitary matrix U is the convex hull of its eigenvalues, so
the boundary (U) is a polygon inscribed in the unit circle whose vertices are the
eigenvalues of U.
If U is a unitary dilation of T, then (T ) ⊂ (U). If the sizes of T and U are N −
1 and N, respectively, then (T ) has at least one common point with each side of the
polygon (U) because subspaces of dimensions N − 1 and 2 should have at least
one non-zero common vector in the N-dimensional space. Hence the boundary (T )
is inscribed in the polygon (U). The “rotation” of the polygons (U) around
(T ) may be achieved by variation of the unitary dilations of T, i.e., by multipli-
cation of the bordering column of U by a factor eiγ . See [4, Theorem 1] for details.
0.2. Equations for the boundary (T)
For any matrix T, the extreme right point of (T ) in the complex plane ξ + iη
is on the line ξ = max{(〈T x, x〉), ‖x‖ = 1}, i.e., on the line ξ = the maximum
eigenvalue of the matrix (T ) = (T + T ∗)/2. Thus (T ) is the envelope of the
lines ξ cosϕ + η sinϕ = λ(ϕ), where λ(ϕ) is the maximum eigenvalue of the matrix
(T e−iϕ). The equations of (T ) may be expressed in terms of ϕ and λ = λ(ϕ) as
follows:{
ξ = λ cosϕ − λ′ sinϕ,
η = λ sinϕ + λ′ cosϕ, (1)
where λ′ is the derivative of λ w.r.t. ϕ, and λ is the maximum root of the equation
det
((T e−iϕ)− λ) = 0. (2)
The function λ(ϕ) links the geometrical properties of (T ) and the algebraic prop-
erties of T. This makes λ(ϕ) especially useful in the analysis of the Poncelet curves
generated by UB-matrices.
Let T be a UB-matrix of size N − 1. Then the equation for λ may be written in
a more convenient form than Eq. (2). Notice that all eigenvalues of T are strongly
inside the unit circle. Therefore for any unitary dilation U of size N, the eigenvalues
eiψj , j = 1, . . . , N , of U are distinct. We can arrange the angles in ascending order:
0  ψ1 < · · · < ψN < 2. So eiψj are the sequential vertices of the convex polygon
(U) which is circumscribed about (T ). Considering U in the diagonal form we
have [4, Theorem 6]:
N∑
j=1
qj
cos(ψj − ϕ)− λ = 0, (3)
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where qj are positive parameters which define the locations of the tangent points ζj
(common points of (T ) and the sides of the polygon). Namely, q1 > 0 may be
chosen arbitrarily, and then
q2 = q1 |e
iψ2 − ζ1|
|eiψ1 − ζ1| , q3 = q2
|eiψ3 − ζ2|
|eiψ2 − ζ2| , . . . , qN = qN−1
|eiψN − ζN−1|
|eiψN−1 − ζN−1| .
By the so-called “lever rule” [5, Section 2], q1 = qN |eiψ1 − ζN |/|eiψN − ζN |.
The following equation for α may be applied to determine N − 1 eigenvalues of
the UB-matrix, if an N-sided polygon and tangent points are given:
N∑
j=1
qj
eiψj − α = 0. (4)
In fact, Eq. (2) may be written in the form det((T )+ (T ) tanϕ − λ/ cosϕ) = 0.
Therefore substituting i for tanϕ and α for λ/ cosϕ, we have the equation for
the eigenvalues α’s of the UB-matrix T, as well as the identity cos(ψj − ϕ)/
cosϕ = eiψj . Hence Eq. (4) yields from Eq. (3). Eq. (2) is a homogeneous
polynomial in λ, cosϕ and sinϕ. Obviously, Eq. (3) may also be transformed into
such a form. These polynomials are of degree N − 1, the size of matrix T. Con-
sequently, there are N − 1 roots for λ. As shown in [4, Theorem 6], these roots are
distinct for any real ϕ. The roots may be arranged in descending order: λ1(ϕ) >
λ2(ϕ) > · · · > λN−1(ϕ).
0.3. Package of Poncelet curves K{λj (ϕ)} generated by a UB-matrix
Below we consider the last set of roots, not only the greatest one. Each root de-
fines a closed curve through Eqs. (1). We will denote these curves K{λj (ϕ)} or Kj .
Because of λN−j (ϕ) = −λj (ϕ + ), the curves KN−j and Kj coincide. So there are
[N/2] nested closed curves K1,K2, . . . ,K[N/2]. The first curve, K1, is the boundary
(T ) of the numerical range of T. In other words, K1 is the envelope for the sides of
the polygons which are the numerical ranges of unitary dilations of size N. K2 is the
envelope for diagonals which miss one vertex of these polygons, K3 is the envelope
for diagonals which miss two vertices of these polygons, and so on. K1 is convex
(Toeplitz–Hausdorff Theorem). Other curves Kj ’s are not necessarily convex. How-
ever, they have the bullet property. If N is odd, all curves Kj are “fullpledged”, i.e.,
when a point transverses the curve once then the directed tangent rotates by angle 2.
If N is even, then the curve K[N/2] is degenerated in the following sense: when a point
transverses the curve once then the directed tangent rotates by angle . Moreover, the
curve K[N/2] may be degenerated into a point.
The set of curves K1,K2, . . . ,K[N/2] form a package of Poncelet curves. It is
possible to derive an equation for λ expressed through the eigenvalues αj of the
UB-matrix T:
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Fig. 2. Definition of parameters λ, ϕ, ψ1, ψ2.
tan


N−1∑
j=0
arctan
(1 − |αj |2)
√
1 − λ2
(1 + |αj |2)λ− 2|αj | cos(ϕ − argαj )

 = 0, (5)
where α0 = 0. Eq. (5) is derived in [5, Section 3.2] based on a special measure den-
sity function which is defined on the unit circle as follows:
h(eiψ) = 1
2N
N−1∑
j=0
1 − |αj |2
|eiψ − αj |2 . (6)
If the chord [eiψ1 , eiψ2 ] is a tangent to a Kl , then∫ ψ2
ψ1
h(eiψ) dψ = l
N
. (7)
The definition of ψ1 and ψ2 (see Fig. 2) leads to the equations which are required in
the following section:
λ = cos ψ2 − ψ1
2
, ϕ = ψ1 + ψ2
2
. (8)
1. Equations for a package of Poncelet curves in complex variables
It is often the case that allowing complex numbers for variables produces sim-
pler results than restricting these variables to real values only. Let us consider the
variables ψ , ψ1, ψ2 in Eqs. (6)–(8) not necessarily to be real. The function
H(z) = 1
2N
N−1∑
j=0
(1 − |αj |2)z
(z− αj )(1 − α¯j z) (9)
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coincides with h(eiψ) of Eq. (6) for z = eiψ with a real ψ . Replacing eiψ1 and eiψ2
by z and w, respectively, we have from Eqs. (7) and (9)∫ w
z
H(t)
it
dt = 1
2iN
∫ w
z
N−1∑
j=0
(
1
t − αj +
α¯j
1 − α¯j t
)
dt = l
N
. (10)
Recall that the αj ’s (j = 1, . . . , N − 1) in Eqs. (9) and (10) are the eigenvalues of a
UB-matrix, so all |αj | < 1. Here α0 = 0, and the integration path from z to w must
not pass αj and 1/α¯j . It follows from Eq. (10) that
ln
N−1∏
j=0
(w − αj )(1 − α¯j z)
(1 − α¯jw)(z− αj ) = 2il1,
where l1 is an integer which depends on l and the chosen integration path from z to
w. So we have
w
N−1∏
j=1
w − αj
1 − α¯jw = z
N−1∏
j=1
z− αj
1 − α¯j z ,
where w and z are not identically equal. This equation for w(z) may be rewritten as
follows:
P(z,w;α1, . . . , αN−1)
= 1
w − z

w N−1∏
j=1
(w − αj )(1 − α¯j z)− z
N−1∏
j=1
(z− αj )(1 − α¯jw)


= 0. (11)
Sometimes we write P(z,w) for this polynomial, omitting the parameters αj when
this does not cause confusion. Obviously, P(z,w) = P(w, z). So we can write
P(z,w) = F(ν, τ ) applying the symmetric variables ν = w + z and τ = wz. The
polynomial F(ν, τ ) is of degree N − 1.
If z and w satisfy Eq. (11), then they satisfy Eq. (10) also for some l and an
allowable integration path from z to w. Moreover, in Eq. (11) we may allow αj and
1/α¯j as values of z and w. These values were not allowed in Eq. (10) as they are the
singular points of the integrand. They make sense for Eq. (10) also, if we consider
the singular integral in Eq. (10) with some natural precautions.
The polynomial P(z,w) is the Bezout resultant of the polynomials
f (z) = z
N−1∏
j=1
(z− αj ) and g(z) =
N−1∏
j=1
(1 − α¯j z).
See [6] for properties of a general Bezout resultant and its connection with Hankel
forms. The rational function b(z) = f (z)/g(z) is a Blaschke product. Gau and Wu
[2] constructed the UB-matrices based on the function b(z). It is a regular function in
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the unit circle that maps the unit circle onto itself. In-detail study of such functions
was done by Schur [7].
Remark 2. It is easier to analyze Eq. (11) than Eq. (5). This is due to the introduc-
tion of the complex variables. The polynomial P(z,w) may be expressed also either
in terms of the entries of the UB-matrix T which generates the package of Poncelet
curves, or in the geometrical terms of the polygons. Namely, it follows from Eq. (2)
that P(z,w) = det ((w + z)I − T − wzT ∗) , and from Eq. (3) that
P(z,w) =
N∑
j=1
qj
∏
l /=j
[
w + z− wze−iψl − eiψl ],
where
∑N
j=1 qj = 1. Here eiψj are the vertices of a closed Poncelet polygon and
qj > 0 are the numbers which define the tangent points (see Introduction).
Eq. (11) is an equation for all curves of a package, K1, . . . ,K[N/2], extended
to a complex plane. In order to determine explicit equations for these curves, one
should express ξ and η of Eqs. (1) in terms of z and w. In accordance with
Eqs. (8),
λ = 1
2
(√
w
z
+
√
z
w
)
,
(12)
cosϕ = 1
2
(√
wz+ 1√
wz
)
, sinϕ = 1
2i
(√
wz− 1√
wz
)
.
Hence,
ξ = (z
2 + 1)w′ + w2 + 1
2(zw′ + w) , η =
(z2 − 1)w′ + w2 − 1
2i(zw′ + w) .
The derivative
w′ = dw
dz
= wH(z)
zH(w)
, (13)
since the integral in Eq. (10) is a constant. Therefore,
ξ = H(z)
H(z)+H(w)
z2 + 1
2z
+ H(w)
H(z)+H(w)
w2 + 1
2w
, (14)
η = H(z)
H(z)+H(w)
z2 − 1
2iz
+ H(w)
H(z)+H(w)
w2 − 1
2iw
, (15)
where z and w satisfy Eq. (11). Choosing a regular branch w = w(z) of Eq. (11)
and substituting w = w(z) into Eqs. (14) and (15), we obtain the equations ξ =
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ξ (z, w(z)) and η = η (z,w(z)) for a Poncelet curve K. If |z| = 1, then ξ and η are
real.
Eq. (11) is derived for the case when αj ’s are strongly inside the unit circle, or
in other words, when the package of Poncelet curves is generated by a UB-matrix.
However, even if some of αj ’s are outside of the unit circle, a package may be defined
by the polynomial equation P(z,w) = 0 and Eqs. (14) and (15). The following the-
orem provides us with a sufficient condition for generation of a package of algebraic
Poncelet curves.
Theorem 1. Let P(z,w) = P(z,w;α1, . . . , αn1 , αn1+1, . . . , αn1+n2), where n1 −
n2  2, |αj | < 1 (j = 1, . . . , n1), and |αj | > 1 (j = n1 + 1, . . . , n1 + n2). If for
any real ψ,
h(eiψ) = 1
2N

1 + n1∑
j=1
1 − |αj |2
|eiψ − αj |2 −
n1+n2∑
j=n1+1
|αj |2 − 1
|eiψ − αj |2

 > 0,
where N = n1 − n2 + 1, then the equation P(z,w) = 0 defines a package of Ponc-
elet curves of rank N. This package is not necessarily generated by a UB-matrix.
Proof. Proof follows from Eqs. (7), (10), and (11) since ∫ 20 h(eiψ) dψ = 1. 
Conjecture. For any algebraic Poncelet curve K, there exists a polynomial P(z,w)
of Theorem 1 such that equation P(z,w) = 0 defines a package of Poncelet curves
containing K.
Example 1. Let
h(eiψ) = 1
6
(
4 − 3|eiψ − 2|2
)
.
Then h(eiψ) > 0 for all real ψ ,
P(z,w) = P(z,w; 0, 0, 0, 2)
= [w4(w − 2)(1 − 2z)− z4(z− 2)(1 − 2w)]/(w − z)
=w4(1 − 2z)+ w3(1 − 2z)(z− 2)+ w2z(1 − 2z)(z− 2)
+wz2(1 − 2z)(z− 2)+ z3(z− 2),
and equation P(z,w) = 0 in w with |z| = 1 has two solutions on the unit circle. The
envelope of the chords which join these solutions is a Poncelet curve of rank 3 and
algebraic class 4. Thus this curve cannot be generated by a UB-matrix. This example
provides us with a negative answer to the questions raised in [2,5] on whether any
algebraic Poncelet curve is generated by a UB-matrix.
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The following proposition for Bezout resultants is simple, yet very useful.
Proposition 1. Let B(z,w) = [f (w)g(z)− f (z)g(w)]/(w − z), where f (z) and
g(z) are coprime polynomials, and the degree of B(z,w) in w or z is n. Let for an
arbitrary z = w0, the roots of the polynomial B(w0, w) be wj , j = 1, . . . , n. Then
for any j /= l, B(wj ,wl) = 0.
Proof. It is sufficient to prove the proposition for the case when z, w1, w2 are dis-
tinct, andB(z,w1) = B(z,w2) = 0. Then f (w1)g(z)− f (z)g(w1) = f (w2)g(z)−
f (z)g(w2) = 0, and therefore f (w1)g(w2)− f (w2)g(w1) = 0, or B(w1, w2) =
0. 
Notice the following properties of the polynomial P(z,w) = P(z,w;α1, . . . ,
αn):
• 1◦. For any j /= l, P(αj , αl) = 0 and P(1/α¯j , 1/α¯l) = 0. In particular,
P(∞, 1/α¯j ) = 0, j /= 0. Here the roots of polynomial P(∞, w) are the roots of
Q(0, w), where Q(z1, w) = zn1P(1/z1, w).• 2◦. If P(z0, w0) = 0, then P(1/z¯0, 1/w¯0) = 0.
Proof. Let
w0
n∏
j=1
(w0 − αj )(1 − α¯j z0) = z0
n∏
j=1
(z0 − αj )(1 − α¯jw0).
Then
w¯0
n∏
j=1
(w¯0 − α¯j )(1 − αj z¯0) = z¯0
n∏
j=1
(z¯0 − α¯j )(1 − αj w¯0),
and dividing by z¯n+10 w¯
n+1
0 , we have
1
w¯0
n∏
j=1
(
1
w¯0
− αj
)(
1 − α¯j 1
z¯0
)
= 1
z¯0
n∏
j=1
(
1
z¯0
− αj
)(
1 − α¯j 1
w¯0
)
. 
• 3◦. Let P(z,w) = 0. The “straight line” which passes through the “points” (xz =
(z2 + 1)/(2z), yz = (z2 − 1)/(2iz)) and (xw = (w2 + 1)/(2w), yw = (w2 − 1)/
(2iw)) is a “tangent” to K at the “point” (ξ, η) of Eqs. (14) and (15).
Proof. Indeed, the “straight line” in current variables X and Y, (Y − yz)/
(yw − yz) = (X − xz)/(xw − xz), with the “slope” (yw − yz)/(xw − xz) =
−i(wz+ 1)/(wz− 1) passes through (ξ, η). On the other hand, the “slope” of
the “tangent” to K at the “point” (ξ, η) is
dη
dξ
= −i (2w
′2 + 2w′ + zw′′ − ww′′)(wz+ 1)
(2w′2 + 2w′ + zw′′ − ww′′)(wz− 1) = −i
wz+ 1
wz− 1 ,
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unless 2w′2 + 2w′ + zw′′ − ww′′ = 0 that indicates the singular “points” of
“curve” K. 
Quotation marks are used here because the geometric figures are considered in the
space C2 of pairs of complex numbers.
In the following items, all αj ’s are inside the unit circle.
• 4◦. If |w0| = 1, then n solutions wj of equation P(w0, w) = 0 are also on the
unit circle, |wj | = 1. These n+ 1 numbers, wj , j = 0, 1, . . . , n, are distinct and
such that for any j /= l, P(wj ,wl) = 0. They are the vertices of polygons which
are inscribed in the unit circle and circumscribed about the Poncelet curves of the
package. These are the curves and polygons on the real plane. See [2–5] for details.
• 5◦. Another useful case of the Poncelet “polygons” is on the complex projective
plane, when the “vertices” (xj , yj ) are defined by the foci of the package (i.e.,
by the eigenvalues of the UB-matrix αj , j = 1, . . . , n). Namely, (xj = (α2j + 1)/
2αj , yj = (α2j − 1)/2iαj ) together with (∞,∞) form the “polygons” inscribed
in the “unit circle” and circumscribed about the “Poncelet curves” of the package.
• 6◦. If |β0| < 1, then all solutions βj of equation P(β0, w) = 0 forw are also inside
the unit circle. Then the Bezout resultant for
f (z) =
n∏
j=0
(z− βj ) and g(z) =
n∏
j=0
(1 − β¯j z),
R(z,w) = 1
w − z

 n∏
j=0
(w − βj )(1 − β¯j z)−
n∏
j=0
(z− βj )(1 − β¯jw)


differs from P(z,w) by a constant factor.
Proof. If among βj ’s are zero’s then obviously the set of βj ’s coincides with the
set of αj ’s and R(z,w) ≡ P(z,w). Let all βj /= 0, and in accordance with Prop-
osition 1 and Item 2◦, P(βj , βl) = P(1/β¯j , 1/β¯l) = 0, j /= l, j, l = 0, . . . , n, as
well as R(βj , βl) = R(1/β¯j , 1/β¯l) = 0. Thus, P(z,w) = R(z,w) = 0 holds for
n(n+ 1) pairs z = βj ,w = βl and z = 1/β¯j , w = 1/β¯l . However P(z,w) and
R(z,w) are symmetrical polynomials of degree n w.r.t. wz and w + z. Therefore,
if the polynomials are irreducible, 6◦ follows from Bezout’s theorem. The gen-
eral case follows since a small perturbation of the reducible polynomial makes it
irreducible. 
In the following section we consider an application of Eq. (11) and Items 1◦–6◦
to the case when all curves K1,K2, . . . ,K[N/2] are quadrics.
Remark 3. It is typical for an analysis of a curve to consider some other curve
which is easier to handle and obtain properties of the curve in question. Thus, for an
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algebraic curve the so-called “associative” curve is defined by “tangent coordinates”
u and v (Legendre’s transformation). These coordinates have the following expres-
sions through λ and ϕ of Eqs. (1): u = − cosϕ/λ(ϕ), v = − sinϕ/λ(ϕ), i.e., the line
ξu+ ηv + 1 = 0 is a tangent line to the curve of Eqs. (1). Therefore, due to Eqs.
(12), u = −(wz+ 1)/(w + z), v = i(wz− 1)/(w + z), and conversely, the vari-
ables wz andw + z are connected birationally with u and v:wz = (u+ iv)/(u− iv),
w + z = −2/(u− iv). We prefer the variables z and w (or ν = w + z and τ = wz)
because they have a direct connection with the UB-matrices and a very transparent
geometrical meaning presented in the properties 1◦–6◦.
2. Case of Poncelet quadrics
We consider here the classical case of quadrics which are Poncelet curves w.r.t.
the unit circle. For this case all curves of a package are ellipses (circles). As shown
in [4, Theorems 10a and 10b], there is a UB-matrix T which generates all ellipses
of the package. If K1 (the largest one) is of an odd rank N = 2m+ 1, then there are
m nested ellipses in the package. If K1 is of an even rank N = 2m+ 2, then there
are m nested ellipses and one degenerate ellipse - a point of intersections of all large
diagonals of the Poncelet polygons.
Proposition 2. For any pair of complex numbers α1 and α2 inside the unit circle C
and for any integer N  3 there exists a uniquely defined package of [N/2] ellipses
such that ellipse K1 has the foci α1 and α2 and is of rank N. In other words, there
exists a UB-matrix T of size N − 1 such that the boundary (T ) of its numerical
range is an ellipse with any given foci α1 and α2 inside C.
Proof. Consider the family of ellipses with foci α1, α2 and Poncelet N-gons for
these ellipses with a fixed starting point A1, and other vertices A2, . . . , AN+1. For
definiteness, let the ellipse be to the left of AjAj+1. If the semiaxes are sufficiently
large then there exists an N-gon with sides that do not intersect. If the semiaxes are
sufficiently small then there exists an N-gon with intersecting sides. The location of
the (N + 1)st vertex of these N-gons is a continuous function of the chosen semiaxes.
Therefore we can find the convex N-gon with AN+1 = A1. In other words, there
exists an ellipse K with the given foci, and the convex N-gon inscribed in C and
circumscribed about K. 
Let us express the equation of an ellipse in the complex variables z and w as in
Section 1. For that let ellipse K have the center c + id , semiaxes a and b, and the
angle between ξ -axis and the major axis of K be ψ (Fig. 3). Then the distance λ
from the origin to the tangent line to K satisfies the equation
(λ− c cosϕ − d sinϕ)2 = (a2 − b2) cos2(ϕ − ψ)+ b2. (16)
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Fig. 3. Definition of parameters of an ellipse.
Substituting Eqs. (12) into this equation we have
p(z,w; f1, f2, b) = (f¯1wz− w − z+ f1)(f¯2wz− w − z+ f2)− 4b2wz = 0,
(17)
where f1 and f2 are the foci c + id ± eiψ
√
a2 − b2 of K.
The foci of quadrics of a package are the eigenvalues of the corresponding UB-
matrix T. This was proved by Donoghue [9] for the case when K1 = (T ) is an
ellipse, and is true for all ellipses Kj from Eqs. (2) and (16) since λ/ cosϕ → f1,2
if tanϕ → i.
All ellipses of a package are from one pencil [8, Chapter 16, p. 208], i.e., the
ellipses have common (imaginary) chords with the unit circle. We consider below
only the particular cases which exhaust all possibilities of the quadrics of a package.
Indeed, as proved in the next section (Lemma 3), the axes of the ellipses of a package
are either parallel or coincide. The equations of the proposition below allow us to
determine the semiaxes of an ellipse K˜ if its foci are known, and K˜ and a given
ellipse K are from the same package.
Proposition 3. For the ellipses Kj of the packages considered below, the param-
eters of Kj satisfy the following equations, where the right-hand sides I0, I1, I2, I3
do not depend on j.
1. If Kj are circles with distinct real positive centers cj and radii rj , then
1 + c2j − r2j
cj
= I0. (18)
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2. If Kj are ellipses with parameters as in Fig. 3, ψj = 0, then

cj b
2
j /
(
a2j − b2j
) = I1,
dj a
2
j /
(
a2j − b2j
) = I2,(
a2j − a2j b2j + a2j d2j + b2j c2j
)
/(a2j − b2j ) = I3.
(19)
Below we need an equation for the minor semiaxis b˜ of K˜, when K and K˜ have
real foci f1, f2 and f˜1, f˜2, respectively. If the center of K is not at the origin, then
the center of K˜ is also not at the origin, and b˜ satisfies the following equation:
b˜2 = (f2 + f1)(f˜2 − f˜1)2
× (f2 + f1)(1 + f˜2f˜1)− (f˜2 + f˜1)(1 + f2f1)
(f2 + f1)2(f˜2 − f˜1)2 − (f˜2 + f˜1)2(f2 − f1)2
. (20)
Now let us formulate a criterion for a set of quadrics to be a package of Poncelet
curves of rank N. The first case below is for N = 2m+ 1, i.e., there are m ellip-
ses, whereas the second case is for N = 2m+ 2, i.e., there is a point—degenerate
(m+ 1)st ellipse in addition to the m ellipses.
Theorem 2. A set of m ellipses with foci α2j−1, α2j and the minor semiaxes bj
(j = 1, . . . , m) forms a package of Poncelet curves w.r.t. the unit circle if and only if
P
(
z,w;α1, α2, . . . , α2m−1, α2m
) = m∏
j=1
p
(
z,w;α2j−1, α2j , bj
)
. (21)
A set of m ellipses with foci α2j−1, α2j and the minor semiaxes bj (j = 1, . . . , m)
together with a point α2m+1 forms a package of Poncelet curves w.r.t. the unit circle
if and only if
P
(
z,w;α1, . . . , α2m−1, α2m, α2m+1
)
= (w + z− α¯2m+1wz− α2m+1) m∏
j=1
p
(
z,w;α2j−1, α2j , bj
)
. (22)
Proof. Proof of Eq. (21). The case of Eq. (22) may be proved similarly.
Necessity. The left-hand side of Eq. (21) is the Bezout resultant presented in Eq.
(11) with the eigenvalues αl , l = 1, . . . , 2m, of the UB-matrix which generates the
package of ellipses. The right-hand side is the factorized polynomial for this set of
ellipses in accordance with Eq. (17). The polynomials coincide since the coefficient
of (wz)2m in both polynomials is
∏2m
l=1 α¯l .
Sufficiency. Let a set of complex numbers α1, . . . , α2m, and a set of positive num-
bers b1, . . . , bm be such that Eq. (21) is satisfied. Then the equation P(z,w) = 0
ensures that all branches w = w(z) define the Poncelet curves w.r.t. the unit circle
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C for z ∈ C (see Item 4◦ of Section 1). The right-hand side of Eq. (21) ensures
that these curves are ellipses. 
Remark 4. The set of quadrics pj (z,w) = p(z,w;α2j−1, α2j , bj ) = 0, j =
1, . . . , m, is rather peculiar. Namely, let w2j−1, w2j be the roots of pj (z,w) = 0
for an arbitrary complex z = w0. The numbers w0, w1, . . . , w2m form a “closed”
set in the following sense: taking any of them for z, say z = ws , and solving the
equations pj (ws,w) = 0 for w, we have the rest of the wt ’s (0  t  2m, t /= s) for
the roots, by Proposition 1.
3. Conditions for a Poncelet polygon to be closed
3.1. Permutations of the foci of the ellipses of a package
As mentioned in the first paragraph of Section 2, if there exists an N-sided polygon
inscribed in the unit circle and circumscribed about a given ellipse, then there exists
a package of m = [N/2] Poncelet ellipses, that includes the given ellipse. The foci
of these ellipses can be determined based on the parameters of the given ellipse. We
consider below the cases of Poncelet quadrics that are non-concentric circles.
Let a set of m ellipses with foci α2j−1, α2j , and the minor semiaxes bj (j =
1, . . . , m) form a package of Poncelet curves of rank N = 2m+ 1 w.r.t. the unit
circle. Consider the equation in w which follows from Eq. (17) for the jth ellipse
(f1 = α2j−1, f2 = α2j , b = bj ) and z = αs :
(
w − α2j−1 − αs
1 − αsα¯2j−1
)(
w − α2j − αs
1 − αsα¯2j
)
− 4b
2
jαsw
(1 − αsα¯2j−1)(1 − αsα¯2j ) = 0.
(23)
Let w(+)s,j and w
(−)
s,j be the roots of this equation.
Theorem 3. Let a set of m ellipses with foci α2j−1, α2j , and minor semiaxes bj
(j = 1, . . . , m) form a package of Poncelet curves of rank N = 2m+ 1 w.r.t. the unit
circle. Then for any s, 0  s  2m, the roots w(+)s,j and w(−)s,j of Eq. (23) in w (1 
j  m) are a permutation of the roots αt of the polynomial P(αs, w;α1, . . . , α2m),
0  t  2m, t /= s. For an even N, N = 2m+ 2, the permutation of the roots of
P(αs, w;α1, . . . , α2m+1) contains an additional number
ws,2m+1 = α2m+1 − αs1 − αsα¯2m+1 . (24)
Proof. Proof follows from Item 5◦ of Section 1 and Eqs. (21) and (22) for z =
αs . 
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The identification of the permutations is done in Lemmas 1 and 2.
Lemma 1. Consider the package of concentric ellipses obtained by a small pertur-
bation of the package of concentric circles of rank N. In addition, let the ellipses
be ordered in the way they are nested, K1 ⊃ · · · ⊃ K[N/2], and the foci of Kj be
real and 0 < α2j−1 = −α2j . Then the roots w(+)s,j and w(−)s,j of Theorem 3 are thefollowing foci of the ellipses of the package:

If l + j  N/2, then w(+)2l−1,j = α2(l+j)−1 and w(+)2l,j = α2(l+j),
If l + j  (N + 1)/2, then w(+)2l−1,j = α2(N−l−j) and w(+)2l,j = α2(N−l−j)−1,
If l > j, then w(−)2l−1,j = α2(l−j)−1 and w(−)2l,j = α2(l−j),
If l < j, then w(−)2l−1,j = α2(j−l) and w(−)2l,j = α2(j−l)−1,
If l = j, then w(−)2l−1,j = w(−)2l,j = 0,
(25)
where l = [(s + 1)/2].
Proof. By our construction, the minor semiaxis of the ellipse Kj is
bj = cos j
N
+ o(1),
and its foci are such (by Eqs. (19)) that
α2j−1
α1
= −α2j
α1
= sin (2j/N)
sin (2/N)
+ o(1). (26)
It follows from Eqs. (23) and (24) for s = 2l − 1 and s = 2l that
w
(+,−)
2l−1,j
α1
= sin (2(l ± j)/N)
sin (2/N)
+ o(1),
w
(+,−)
2l,j
α1
= sin (2(−l ± j)/N)
sin (2/N)
+ o(1).
Comparing these equations with Eq. (26), we have the statement of the lemma. 
The following lemma deals with packages of ellipses such that all their semiaxes
and foci are continuous functions of a parameter.
Lemma 2. Let P(1) and P(2) be two packages of ellipses of rank N. The ellip-
ses of these packages are ordered in the way they are nested: P(1) = K(1)1 ⊃ · · · ⊃
K(1)[N/2] andP
(2) = K(2)1 ⊃ · · · ⊃ K(2)[N/2]. Then there exist packagesL(θ) of ellipses
L1(θ), . . . ,L[N/2](θ) that are continuous functions of the parameter θ, 0  θ  1,
and such that:
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1. P(1) =L(0) and P(2) =L(1),
2. L1(θ) ⊃ · · · ⊃ L[N/2](θ),
3. the permutations of Theorem 3 are the same for all θ, 0  θ  1.
Proof. Let the foci of K(1)j and K
(2)
j be denoted by α
(1)
2j−1, α
(1)
2j and α
(2)
2j−1, α
(2)
2j ,
respectively. Consider γ1(θ)= α(1)1 (1− θ)+ α(2)1 θ and γ2(θ)= α(1)2 (1− θ)+ α(2)2 θ .
It follows from Proposition 2 that there exists a unique package of [N/2]
Poncelet ellipses for any 0  θ  1 such that the largest ellipse has the foci
γ1(θ) and γ2(θ). The foci of other ellipses of this package are denoted by
γ3(θ), . . ., γ2[N/2](θ), respectively, with γ3(0) = α(1)3 , . . . , γ2[N/2](0) = α(1)2[N/2].
Functions γl(θ), l = 1, . . . , 2[N/2], are continuous. The roots of Eqs. (23) and
(24) continuously depend on the coefficients of these equations. Therefore we
have Items 2 and 3 of the lemma.
By our construction, P(1) =L(0), γ1(1) = α(2)1 and γ2(1) = α(2)2 . Because of
the uniqueness of the package with the foci of the largest ellipse K(2)1 of rank N, the
pairs γ2j−1(1), γ2j (1) coincide with the pairs α(2)2j−1, α
(2)
2j for all j = 1, . . . , [N/2].
Therefore P(2) =L(1). 
From Lemmas 1 and 2 follow:
Corollary 1. The numbersw(+)2l−1,j andw
(+)
2l,j are the foci of the same ellipse, namely
of the (l + j)th ellipse for l + j  [N/2] and the (N − l − j)th ellipse for l + j 
(N + 1)/2. The numbers w(−)2l−1,j and w(−)2l,j are also the foci of the same ellipse, the|l − j |th ellipse;
and
Corollary 2. For a fixed l, the numbers w(+)2l−1,j , w(+)2l,j , j = 1, . . . , [N/2], present
all foci of the package, as well as the numbers w(−)2l−1,j , w(−)2l,j , l /= j, together with
the foci α2l−1 and α2l of the lth ellipse.
The only arbitrariness in the order of the foci of a package is the numbering of
the foci of the same ellipse. This arbitrariness is excluded by the following lemma.
Lemma 3. The axes of the ellipses of a package are either parallel or coincide.
Proof. Again let the ellipses be ordered as they are nested. Without loss of generality,
we may assume that the largest ellipse K1 of a package has the minor axis parallel
to the η-axis, i.e., its foci α1 and α2 have the same imaginary part: α1 = α2. It
follows from Eq. (23) for j = 1 and s = 1, s = 2, that w(+)1,1 = w(+)2,1 . It means
that if N > 4, then by Corollary 2, the ellipse K2 has the minor axis also parallel to
the η-axis. Continue such calculations for j = 2 and s = 3, s = 4, and so on. 
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Lemma 3 allows us to avoid consideration of special cases of quadrics that makes
the analysis of the closedness cumbersome. Namely, if the origin is among the foci
of the ellipses of a package, then without loss of generality we may assume that all
foci are real (because of Lemma 3 and the second of Eqs. (19)). Now consider an
ellipse E with the center c and semiaxes a, b: (ξ − c)2/a2 + η2/b2 = 1, inside the
unit circle. A proper choice of γ in the projective transformation
ξ = γ ξ1 + 1
ξ1 + γ , η =
√
γ 2 − 1η1
ξ1 + γ (27)
changes E into a circle that is also inside the unit circle, whereas the unit circle is
unchanged. Since the projective transformation changes a pencil into a pencil, we
have the following proposition:
Proposition 4. If the origin is among the foci of the ellipses of a package, then
Eqs. (27) with a proper γ transform this package to a package of circles, without
changing the unit circle.
Two ellipses of a pencil may have a common focus. However,
Proposition 5. A common focus of two non-confocal ellipses of a package cannot
be at the origin.
Proof. Indeed, let f2 = 0. We may again assume that all foci are real. Therefore we
may apply Eq. (20) to the calculations of the semiaxes of the ellipses. If f˜2 = 0 then
the denominator in (20) is equal to zero, and the numerator in (20) is not equal to
zero since f1 /= f˜1. 
Now we can describe all possible locations of the foci of a package.
Proposition 6. The following four cases exhaust all possibilities for locations of
foci of ellipses of a package:
1. All foci coincide with the origin. This is the case of concentric Poncelet circles.
2. The foci coincide pairwise, i.e., all Kj are circumferences with distinct non-
zero centers cj . All cj ’s are on a straight line. Without loss of generality we may
assume that all cj are real positive numbers.
3. All ellipses have common axes and the center at the origin. Without loss of gen-
erality we may assume that all ellipses have real foci. If the rank of the package
is an even number then the degenerate ellipse coincides with its “focus” that is at
the origin.
4. There is no ellipse with the center at the origin, the axes of the ellipses are parallel
or coincide. Without loss of generality we may assume that the axes are parallel
to ξ - and η-axes, or the ellipse’s major axis coincides with ξ -axis. Therefore we
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may assume that if ellipses Kj form a package, then the foci α2j−1 and α2j of
Kj are such that
α2j−1 = α2j , α2j−1 > α2j . (28)
In light of the convention (28), we may formulate the following corollary to
Lemmas 1 and 2.
Corollary 3. Eqs. (25) hold for any package of ellipses of rank N.
The permutations of Eqs. (25) may be presented in an integer matrixJ(N) as fol-
lows. By Item 3◦ of Section 1, each “straight line” which passes through the “points”
defined by the lth and mth foci,(
xl = α
2
l + 1
2αl
, yl = α
2
l − 1
2iαl
)
and
(
xm = α
2
m + 1
2αm
, ym = α
2
m − 1
2iαm
)
,
is a tangent to some of the “curves” of the package. Matrix J(N) demonstrates how
the number of the “curve” depends on the numbers of the foci.
Let the jth row of J(N) be the subscripts of the following foci:
For j  N/2,
α2j−1, w(+)2j−1,1, . . . , w
(+)
2j−1,[N/2], w
(−)
2j−1,[N/2], . . . , w
(−)
2j−1,1,
and for N − 1  j  (N + 1)/2,
α2(N−j), w(−)2(N−j),1, . . . , w
(−)
2(N−j),[N/2], w
(+)
2(N−j),[N/2], . . . , w
(+)
2(N−j),1,
i.e., the entry of the jth row and kth column, j = 1, . . . , N − 1, k = 1, . . . , N , is
given by
J
(N)
j,k =


2(j + k)− 3 if j + k  (N + 2)/2,
2(N − j − k)+ 2 if N  j + k  (N + 3)/2,
2(j + k −N)− 1 if (3N − 1)/2  j + k  N + 1,
2(2N − j − k) if 2N − 2  j + k  (3N + 1)/2.
Example 2. For the rank N = 11, we have
J(11) =


1 3 5 7 9 10 8 6 4 2 0
3 5 7 9 10 8 6 4 2 0 1
5 7 9 10 8 6 4 2 0 1 3
7 9 10 8 6 4 2 0 1 3 5
9 10 8 6 4 2 0 1 3 5 7
10 8 6 4 2 0 1 3 5 7 9
8 6 4 2 0 1 3 5 7 9 10
6 4 2 0 1 3 5 7 9 10 8
4 2 0 1 3 5 7 9 10 8 6
2 0 1 3 5 7 9 10 8 6 4


.
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Example 3. For the rank N = 12,
J(12) =


1 3 5 7 9 11 10 8 6 4 2 0
3 5 7 9 11 10 8 6 4 2 0 1
5 7 9 11 10 8 6 4 2 0 1 3
7 9 11 10 8 6 4 2 0 1 3 5
9 11 10 8 6 4 2 0 1 3 5 7
11 10 8 6 4 2 0 1 3 5 7 9
10 8 6 4 2 0 1 3 5 7 9 11
8 6 4 2 0 1 3 5 7 9 11 10
6 4 2 0 1 3 5 7 9 11 10 8
4 2 0 1 3 5 7 9 11 10 8 6
2 0 1 3 5 7 9 11 10 8 6 4


.
3.2. Foci of a “would be package”
If we do not know whether a given ellipse with foci f1, f2 and minor semiaxis b
is a Poncelet curve w.r.t. the unit circle, we still can calculate the hypothetical foci by
Eqs. (23) and (24) and semiaxes by Eqs. (18)–(20) (whichever is applicable) for the
ellipses of the “would be package”, i.e., we can try to determine the “complement”
polynomials for the given one so the foci form a closed set in the sense of Remark 4
of Section 2.
Calculation of the hypothetical foci by Eqs. (23) and (24) means that we are trying
to determine all foci of a package for some two rows of matrix J(N). The structure
of matrix J(N) and Corollaries 1 and 2 suggest how to simplify the calculations
and avoid the determination of the semiaxes. Let us write out Eq. (17) for the given
ellipse: p(z,w) = (f¯1wz− w − z+ f1)(f¯2wz− w − z+ f2)− 4b2wz = 0. If z =
0 then there are two roots of this equation for w: f1 and f2. If both of them are equal
to zero, then this is the case of the concentric circumferences: Poncelet N-gon closes
if and only if b = cos (l/N), where l = 1, . . . , [N/2].
Now let us assume that there is a non-trivial package of Poncelet ellipses with
the given ellipse among them, and let the given ellipse be the lth ellipse in the order
of the nested ellipses. It means that by the convention (28), f1 = α2l−1, f2 = α2l
and b = bl . Generally speaking, l is unknown (we do not know the hypothetical
winding number). Without loss of generality, we may assume that the closed Ponc-
elet polygons have the smallest number of sides, N. So the numbers l and N are
mutually prime. Also without loss of generality, we may assume that the origin is
not among the foci of the “would be package” since otherwise we may apply Eqs.
(27) by Proposition 4 to avoid this case. Consider the following recurrent calculations
of wt and w˜t :
w1 = f1, w2 = 4b
2f1 + (f2 − f1)(1 − |f1|2)
(1 − |f1|2)(1 − f1f¯2)
, (29)
B. Mirman / Linear Algebra and its Applications 360 (2003) 123–150 143
wt = (wt−1 − f1)(wt−1 − f2)
(1 − f¯1wt−1)(1 − f¯2wt−1)
1
wt−2
, t  3, (30)
and
w˜1 = f2, w˜2 = 4b
2f2 + (f1 − f2)(1 − |f2|2)
(1 − |f2|2)(1 − f2f¯1)
, (31)
w˜t = (w˜t−1 − f1)(w˜t−1 − f2)
(1 − f¯1w˜t−1)(1 − f¯2w˜t−1)
1
w˜t−2
, t  3. (32)
The numbers wt and wt−2 are the roots of Eq. (17) for z = wt−1. Therefore each wt ,
which is determined by Eqs. (29) and (30), is a focus of an ellipse of the package.
Similarly, each w˜t , which is determined by Eqs. (31) and (32), is also a focus of an
ellipse of the package. The following theorem identifies which focus is wt and w˜t
for any package of ellipses of rank N with some insignificant constraints.
Theorem 4. Assume that the ellipses are ordered in the way they are nested, K1 ⊃
· · · ⊃ K[N/2], there is no focus at the origin, and the foci satisfy the convention (28).
Then the choice of l for the foci f1 = α2l−1, f2 = α2l and semiaxis b = bl of Eqs.
(29) and (30) (or (31) and (32)) defines which focus is wt (or w˜t ). Namely, for
mutually prime l and N, 1  t  N − 1, t l ≡ s (mod N), 1  s  N − 1, we have
If s  N
2
, then wt = α2s−1;
if s  N + 1
2
, then wt = α2(N−s); and w˜t = wN−t .
The numbers w1 = w˜N−1, . . . , wN−1 = w˜1 represent a permutation of the numbers
α1, . . . , αN−1. The numbers wt and w˜t are the foci of the same ellipse (the sth or the
(N − s)th ellipse).
Proof. Proof follows the proof of Lemma 1 and Corollary 3: first we consider
the special package of Lemma 1, and then apply Lemma 2 to the case of the theo-
rem. 
Now we can specify Cases 3 and 4 of Proposition 6 in more details.
Corollary 4. All foci of ellipses of a package are distinct, unless there is a focus
at the origin. In particular, if the center of the ellipses is at the origin (Case 3 of
Proposition 6), then all foci are distinct for an odd rank of the package, and there
are pairs of confocal ellipses for an even rank  6 of the package (see Proposition 6
for details).
Proof. Assume the opposite. Let two ellipses K and K˜ have a common focus f.
Start the recurrent calculations (29) and (30) for K with w1 = f . In accordance with
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Theorem 4, the focus f of K˜ should be among the calculated wt ’s, 2  t < N − 1,
say, f = ws . Then ws+1 = 0, that contradicts the condition of the corollary. 
Corollary 5. If one ellipse of a package has rational foci and a rational square of
a semiaxis then all ellipses of the package have rational foci and rational squares of
the semiaxes.
Proof. Indeed, all foci are rational since Eqs. (29)–(32) are rational. If the foci of an
ellipse of the package are known, then the squares of the semiaxes of this ellipse may
be calculated by the rational expressions followed from Eqs. (18)–(20) whichever
is applicable. 
Corollary 6. Let F =F(f1, f2, b2) be the extension of the field of rational num-
bers containing the foci f1, f2, and the square b2 of a semiaxis of an ellipse of a
package. Then all foci and squares of the semiaxes of the ellipses of the package are
from F.
Corollaries 5 and 6 are a source of various sufficient conditions for Poncelet poly-
gons with any number of sides not to be closed. See Corollary 8 for an example of
such conditions.
Theorems 3 and 4 provide us with necessary conditions for an ellipse to be a
Poncelet curve. Let us prove that Eqs. (29) and (30), as well as (31) and (32), provide
us with sufficient conditions also. Without loss of generality we may assume that the
given ellipse belongs to the pencil which does not contain an ellipse with a focus
at the origin. Indeed, if the major axis of the given ellipse is parallel to the ξ -axis
then this condition is satisfied because of Eqs. (19). If the given ellipse has real
foci, then the package of ellipses may be transformed to the package of circles by
Proposition 4.
Theorem 5. Let an ellipse with foci f1 /= f2 and minor semiaxis b be given inside
the unit circle. Let, further, be known that the pencil which contains the ellipse and
the unit circle does not contain any ellipse with a focus at the origin. Poncelet N-
gons, N  3, close if and only if the calculations by Eqs. (29) and (30) present
N − 1 distinct numbers wt and end with wN−1 = f2.
Proof. Necessity follows from Theorem 4. Indeed, if f1 = α2l−1 and t = N − 1,
then t l = (N − 1)l ≡ s (mod N) and N − s = l. Hence, wN−1 = α2l = f2. All wj ,
j = 0, . . . , N , are distinct because of Corollary 4.
Sufficiency follows from Bezout’s theorem. Indeed, there are the following N dis-
tinct pairs (z, w) which satisfy Eq. (17):
(w0 = 0, w1 = f1), (w1, w2), (w2, w3), (w3, w4), . . . , (wN−2, wN−1 = f2),
(f2, wN = 0).
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Direct verification shows that the polynomial p(z,w) of Eq. (17) has the property
2◦ of Section 1: if a pair (z0, w0) satisfies Eq. (17), then the pair (1/z¯0, 1/w¯0) also
satisfies (17). Now consider the polynomial of Eq. (11) with distinct parameters,
P (z,w;w1, w2, . . . , wN−2, wN−1). Its degree in τ = wz and ν = w + z is N − 1.
The degree of p(z,w) of Eq. (17) in τ and ν is 2. There are 2N distinct pairs of z
and w, (wj ,wj+1), (1/w¯j , 1/w¯j+1), j = 0, 1, . . . , N − 1, which satisfy Eqs. (11)
and (17), whereas the product of the degrees of the polynomials in τ and ν is 2N −
2. Hence P(z,w) contains p(z,w) as a factor. A Poncelet polygon closes for the
considered ellipse because of Item 4◦ of Section 1. 
Corollary 7. Under the conditions of Theorem 5, Poncelet N-gons close if and only
if wm+1 = w˜m for N = 2m+ 1, and wm+2 = w˜m for N = 2m+ 2.
The permutations of the foci subscripts demonstrate the order of the “vertices” of
the “polygons” mentioned in Item 5◦ of Section 1. It is convenient to consider these
permutations in a specially constructed integer matrixK(N−1) of size N − 1. Let the
foci be defined by Eqs. (29)–(32). The matrixK(N−1) represents the permutations of
the foci subscripts in accordance with Theorem 4 for any package of ellipses of rank
N. The jth row of such matrix presents the permutation generated by Eqs. (29) and
(30) with w1 = α2j−1, if j  N/2, and by Eqs. (31) and (32) with w˜1 = α2(N−j),
if j  (N + 1)/2, i.e.,
K
(N−1)
l,t =


2s − 1 if s  N/2 and l  N/2,
2(N − s) if s  (N + 1)/2 and l  N/2,
KN−l,N−t if l  (N + 1)/2.
(33)
where s ≡ t l (modN), 1  s  N .
Example 4. For N = 11, we have
K(10) =


1 3 5 7 9 10 8 6 4 2
3 7 10 6 2 1 5 9 8 4
5 10 4 1 7 8 2 3 9 6
7 6 1 9 4 3 10 2 5 8
9 2 7 4 5 6 3 8 1 10
10 1 8 3 6 5 4 7 2 9
8 5 2 10 3 4 9 1 6 7
6 9 3 2 8 7 1 4 10 5
4 8 9 5 1 2 6 10 7 3
2 4 6 8 10 9 7 5 3 1


.
If N is not prime, let us still consider all 1  l  N − 1. Then there are some zeros
in the permutations. The rows with zeros present the permutations generated by the
ellipses which are of a smaller rank than the rank of the package.
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Example 5. For N = 12, we have
K(11) =


1 3 5 7 9 11 10 8 6 4 2
3 7 11 8 4 0 3 7 11 8 4
5 11 6 0 5 11 6 0 5 11 6
7 8 0 7 8 0 7 8 0 7 8
9 4 5 8 1 11 2 7 6 3 10
11 0 11 0 11 0 11 0 11 0 11
10 3 6 7 2 11 1 8 5 4 9
8 7 0 8 7 0 8 7 0 8 7
6 11 5 0 6 11 5 0 6 11 5
4 8 11 7 3 0 4 8 11 7 3
2 4 6 8 10 11 9 7 5 3 1


.
The following theorem follows from Theorem 5 and Corollary 7.
Theorem 6. Consider a circle with center c > 0 and radius r inside the unit circle.
Poncelet N-gons close if and only if the following recurrent calculations end with
w(N−1)/2 = w(N+1)/2 for an odd N, and w(N−2)/2 = w(N+2)/2 for an even N:
w1 = c, w2 = 4r
2c
(1 − c2)2 , (34)
wt =
(
wt−1 − c
1 − cwt−1
)2 1
wt−2
, t  3. (35)
The final values are
w(N−1)/2 = w(N+1)/2 = 1 ± r
c
−
√(
1 ± r
c
)2
− 1 (36)
for an odd N where the sign (+ or −) depends on the order in which the circles are
nested, and
w(N−2)/2 = w(N+2)/2 = cN/2 − c1 − cN/2c (37)
for an even N, where
cN/2 = 12c
[
1 + c2 − r2 −
√
(1 + c2 − r2)2 − 4c2
]
.
Proof. Indeed, Eq. (17) for the circle is p(z,w) = (cwz− w − z+ c)2 − 4r2wz =
0. Since wt and wt−2 are the roots of p(wt−1, w) = 0, we have Eq. (36) from
w = z, and Eq. (37) for z = cN/2. Eqs. (34) and (35) follow from Eqs. (29)–(32) for
f1 = f2 = c and b = r . The degenerate circle—the point cN/2—is determined from
Eq. (18). 
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Corollary 8. If c > 0 and r are rational, but all square roots
√
(1 + r)2 /c2 − 1,√
(1 − r)2 /c2 − 1, and
√
(1 + c2 − r2)2 − 4c2 are irrational, then Poncelet poly-
gons with any number of sides do not close.
Example 6. Poncelet polygons for the circle with the center at 1/2 and radius 1/3 do
not close with any number of sides. Indeed, the square roots mentioned in Corollary
8 are respectively
√
55/3,
√
7/3, and
√
385/36.
Eqs. (29)–(32), (34) and (35) allow us to derive the conditions for parameters
of quadrics to be Poncelet ellipses of a package—for example, the Fuss’ equations
for the Poncelet circles [10].
Example 7. Consider a circle with center c > 0. What should be its radius r so that
there exists a triangle circumscribed about the given circle and inscribed in the unit
circle? It follows from Eq. (34) that w2 = c if r = (1 − c2)/2. That is the first case
of the closedness described in literature—by Chapple [11] in 1746.
Example 8. Consider an ellipse with foci f1 and f2. What should be the minor
semiaxis b so that there exists a triangle circumscribed about the given ellipse and
inscribed in the unit circle? It follows from Eqs. (29) that w2 = f2, if 4b2 = (1 −
|f1|2)(1 − |f2|2). That is the case of the closedness considered in detail by Goldberg
and Zwas [12].
Example 9. Consider an ellipse with real foci ±f . What should be the minor semi-
axis b so that there exists a closed five-gon circumscribed about the given ellipse
and inscribed in the unit circle? It follows from Eqs. (29) and (30) that w1 = f ,
w2 = f (4b2 + 2f 2 − 2)/(1 − f 4), and w3 = (w22 − f 2)/
[
f (1 − f 2w22)
]
. Equa-
tion w3 = −w2 holds if 4b2 = 1.5 − 2f 2 ±
√
1.25 − f 4. Here the sign “+” is for
the case of a convex five-gon, and the sign “−” is for f 2 < 0.2 and a starlike
five-gon.
Another way to derive Fuss’ equations and equations for concentric ellipses is to
compare coefficients of (wz)s(w + z)t in the left- and right-hand sides of Eq. (21)
or (22).
MatrixK(N−1) shows the required arrangements of the foci of ellipses for a pack-
age of rank N. It allows to analyze the case of a focus at the origin without the
transformation by Eqs. (27) mentioned before Theorem 5. It may be shown based on
the entries ofK(N−1) that if a package of ellipses contains an ellipse with a focus at
the origin, then there are pairs of coincided foci of the package as follows:
Let the ellipses be ordered in the way they are nested, K1 ⊃ · · · ⊃ K[N/2], the
foci satisfy the convention (28), l and N be mutually prime.
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If α2s−1 = 0, then:
α2l−1 = α2(s−l)−1 for s > l, and α2l−1 = α2(l−s) for s < l;
α2l = α2(s+l)−1 for s + l  N/2, and α2l = α2(N−s−l) for s + l  (N + 1)/2.
If α2s = 0, then:
α2l = α2(s−l) for s > l, and α2l = α2(l−s)−1 for s < l;
α2l−1 = α2(s+l) for s + l  N/2, and α2l−1 = α2(N−s−l)−1 for s + l  (N + 1)/2.
The structure of the matrixK(N−1) also suggests the ways to analyze the closedness
for a concentrical ellipse without the transformation by Eqs. (27). Recall that if N is
even, then there is a “focus” in the package at the origin—this is the degenerate el-
lipse. Consequently Eqs. (29)–(32) may be applied only accounting for the confocal
ellipses.
Proposition 7. If the ellipses of a package of an even rank N are concentrical, then
the ellipses Kj and KN/2−j are confocal, 1  j < N/4.
Example 10. Consider an ellipse with real foci±f . What should be the minor semi-
axis b1 so that there exists a closed convex six-gon circumscribed about the given
ellipse and inscribed in the unit circle? Under the conditions of this example and
Proposition 7, the package consists of two ellipses with foci ±f and the degenerate
ellipse at the origin. Let b1 > b2 be the small semiaxes of the ellipses of the package.
Then it follows from the third of Eqs. (19) that b21 + b22 = 1 − f 2. By Example 8,
4b22 = (1 − f 2)2. Hence 4b21 = (1 − f 2)(3 + f 2).
For an odd N all foci of a package of concentrical ellipses are distinct, and the
hypothetical foci of a “would be package” may be calculated either by Eqs. (29)–(32)
or by the following:
Theorem 7. Let an ellipse with foci f1 > 0, −f1, and minor semiaxis b1 be given
inside the unit circle. For an odd N, N  3, Poncelet N-gons close if and only if
the calculations by the following equations present [N/2] ellipses with foci ±fj , all
ellipses are nested inside the unit circle, and the calculations end with f(N+1)/2 =
f1:
aj =
√
b2j + f 2j , fj+1 =
aj − bj
fj
,
(38)
bj+1 =
1 − f 2j+1
2
+
√√√√(1 − f 2j+1
2
)2
+ b2j (1 − a2j )
f 2j+1
f 2j
.
Proof. The equation for fj+1 follows from Corollary 7 and Eq. (17), the equation
for bj+1 from the third of Eqs. (19). Recall that if f1 and b21 are rational and a
Poncelet polygon closes, then all fj are also rational by Corollary 5. 
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Remark 5. The functionw(z) of Eq. (17) is an elliptic function which is birationally
equivalent to the elliptic functions usually used for the analysis of Poncelet quad-
rics. Griffiths and Harris [13,14] applied group properties of elliptic functions to
prove Poncelet’s theorem, to extend the theorem to the space, and to derive Cay-
ley’s equation for Poncelet’s porism. Cayley’s solution is as follows [8, Chapter 16,
p. 209]:
Poncelet N-gons close for the quadrics ξ2 + η2 = 1 and (ξ − c)2/a2 + (η − d)2/
b2 = 1 if and only if∣∣∣∣∣∣∣∣∣∣∣∣
σ2 σ3 . . . . . . . . . σm+1
σ3 σ4 . . . . . . . . . σm+2
. . . . . . . . . . . .
. . . . . . . . . . . .
. . . . . . . . . . . .
σm+1 σm+2 . . . . . . . . . σ2m
∣∣∣∣∣∣∣∣∣∣∣∣
= 0 for N = 2m+ 1
and ∣∣∣∣∣∣∣∣∣∣∣∣
σ3 σ4 . . . . . . . . . σm+2
σ4 σ5 . . . . . . . . . σm+3
. . . . . . . . . . . .
. . . . . . . . . . . .
. . . . . . . . . . . .
σm+2 σm+3 . . . . . . . . . σ2m+1,
∣∣∣∣∣∣∣∣∣∣∣∣
= 0 for N = 2m+ 2,
where σj are the coefficients in the formal expansion of the function
f (t) =
√(
t + 1
a2
)(
t + 1
b2
)(
t + 1 − c
2
a2
− d
2
b2
)
+ t
(
c2
a4
+ d
2
b4
)
+ c
2
a4b2
+ d
2
a2b4
into the power series f (t) =∑∞j=0 σj tj .
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